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ABSTRACT
An uncountable collection of arcs in S3 is constructed, each member of which
is wild precisely at its endpoints, such that the fundamental groups of their comple-
ments are non-trivial, pairwise non-isomorphic, and indecomposable with respect to
free products. The fundamental group of the complement of a certain Fox-Artin arc is
also shown to be indecomposable.
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1. Introduction
At the 1996 Workshop in Geometric Topology F. D. Ancel [1] posed the following ques-
tions:
Question 1.1. LetA be the Fox-Artin arc in S3 which is pictured in Figure 1. Is pi1(S3−A)
indecomposable with respect to free products?
. . .. . .
A
Figure 1: The Fox-Artin arc A
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Question 1.2. Are there infinitely (uncountably?) many wild arcs Ai in S3 such that
pi1(S
3 −Ai) and pi1(S3 − Aj) are non-isomorphic for i 6= j?
Fox and Artin [2] proved that pi1(S3−A) is non-trivial. (A is actually the mirror image
of their Example 1.1.) At the workshop Ancel remarked that an incorrect proof that it is
indecomposable had been published by Rosłaniec [15]. He also noted that an affirmative
answer to Question 1.1 would give an affirmative answer to the countable case of Question
1.2 by concatenating finitely many copies of A; the resulting groups are free products of
copies of pi1(S3 −A) and so would be non-isomorphic [9, Vol. II, p. 27]. These examples
would have a finite but unbounded number of wild points.
In this paper we answer these two questions in the affirmative. In particular, regarding
Question 1.2 we construct an uncountable family of arcs Ai such that the fundamental
groups pi1(S3 − Ai) are non-isomorphic for distinct indices and also are indecomposable
and non-trivial. Moreover each arc is wild precisely at its endpoints.
We remark that if the fundamental group of the complement of an arc in S3 is non-
trivial, then it is not finitely generated [3, Corollary 2.6].
Ancel also posed the following question, to which one can of course add the question
of indecomposability. As of this writing these questions remain open, but it seems likely
that affirmative answers could be obtained by the methods of this paper.
Question 1.3. Let B be the wild arc in the solid torus V pictured in Figure 2. Suppose
ki : V → S
3 is a knotted embedding such that pi1(S3 − ki(V )) is not isomorphic to
pi1(S
3 − kj(V )) for i 6= j. Is pi1(S3 − ki(B)) not isomorphic to pi1(S3 − kj(V )) for
i 6= j?
. . .
. . .
V B
Figure 2: Tie V in a knot to get an Ancel arc.
The paper is organized as follows. In section 2 we give a criterion for the fundamental
group of a non-compact 3-manifold to be indecomposable and non-trivial. In section 3 we
prove that the exterior of the Fox-Artin arc satisfies this criterion. In section 4 we prove
a lemma about embeddings of torus knot groups in torus knot groups. In section 5 we
construct the uncountable family of arcs mentioned above and verify its properties.
The author thanks Bill Banks for drawing the Fox-Artin arc which is used in Figures 1,
2, and 3.
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2. A Criterion for Indecomposability
Recall that a group G is decomposable if it is a free product K ∗ L, where K and L are
non-trivial. G is indecomposable if it is not decomposable.
Lemma 2.1. Let {Hk}k≥0 be a sequence of non-trivial, non-infinite-cyclic, indecompos-
able subgroups of G such that Hk ⊆ Hk+1 for all k ≥ 0 and G = ∪∞k=0Hk. Then G is
indecomposable.
Proof. SupposeG = K ∗L, whereK andL are non-trivial. Then no non-trivial element of
K is conjugate to an element ofL. This can be seen as follows. LetN be the normal closure
of K in G. Let p : G → G/N be the natural projection. Then there is an isomorphism
q : G/N → L such that the restriction of q ◦ p to L is the identity of L [10, pp. 101–102].
But q ◦ p sends any conjugate of an element of K to the trivial element of L.
By the Kurosh subgroup theorem [9, 10] any subgroup of G is a free product of a free
group and conjugates of subgroups of K and of L. Since H0 in indecomposable and non-
infinite-cyclic we may thus assume that it is conjugate to a subgroup of K . Similarly H1
must be conjugate to a subgroup of K or of L. The latter cannot happen since then some
non-trivial element ofK would be conjugate to an element of L. Continuing in this fashion
we get that each Hk is conjugate to a subgroup of K . This implies that G cannot be the
union of the Hk since the non-trivial elements of L are excluded. 
We now consider fundamental groups of non-compact 3-manifolds. For basic defini-
tions in 3-manifold topology we refer to [5] and [6]. A 3-manifold M is ∂-irreducible if
∂M is incompressible in M . Let S and S′ be compact surfaces such that S is properly
embedded in M and S′ either is properly embedded in M or lies in ∂M . Then S and S′
are parallel in M if there is an embedding of S × [0, 1] in M (called a parallelism from S
to S′) such that S × {0} = S, S × {1} = S′, and (∂S) × [0, 1] lies in ∂M . If S′ lies in
∂M then S is ∂-parallel in M . The topological interior of N in M is denoted by IntN .
Lemma 2.2. Let W be a connected, non-compact 3-manifold which can be expressed as
the union W = ∪∞n=−∞Xn of compact, connected, irreducible, ∂-irreducible 3-manifolds
Xn such that Xm ∩ Xn = ∅ for |m − n| > 1 and Xn ∩ Xn+1 = ∂Xn ∩ ∂Xn+1 is a
compact, connected surface which is incompressible in Xn and in Xn+1 and is not a disk.
Then pi1(W ) is non-trivial and indecomposable.
Proof. Standard arguments show that Yk = ∪kn=−kXn is irreducible and ∂-irreducible.
It follows that pi1(Yk) is non-trivial, non-infinite-cyclic, and indecomposable [5, Theorem
5.2, Lemma 6.6]. The incompressibility of eachXn ∩Xn+1 shows that pi1(Yk) injects into
pi1(M). We now apply Lemma 2.1. 
3. The Fox-Artin Arc
Theorem 3.1. pi1(S3 −A) is indecomposable, where A is the Fox-Artin arc in Figure 1.
Proof. Let N be a tapered regular neighborhood of A. Thus N is a 3-ball containing A
such that A ∩ ∂N = ∂A, A is isotopic in N rel ∂A to a diameter of N , and N is tamely
embedded in S3 except at ∂A. Let W = S3 − (IntN ∪ ∂A). (We call W the exterior of
A. We also use this term for the closure of the complement of a regular neighborhood of
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a tame submanifold of a manifold.) Then pi1(W ) ∼= pi1(S3 − A), and ∂W = ∂N − ∂A
is homeomorphic to an open annulus S1 × R. It suffices to show that W satisfies the
hypotheses of Lemma 2.2. In the figures which follow we do not explicitly draw N , but its
presence should be understood.
S3−∂A can be parametrized by S2×R in such a way thatAmeets each S2×[m,m+1],
m ∈ Z, in three arcs as indicated in Figure 3.
. . .. . .
Figure 3: S3 − ∂A parametrized as S2 ×R
It is natural to consider the exterior of the union of these three arcs in S2 × [m,m+ 1]
and to regard W as the union of these exteriors. Unfortunately these manifolds are cubes
with two handles and so are not ∂-irreducible. Instead we take S2×[2n−1, 2n+1], n ∈ Z,
which also meets A in three arcs, and let Xn be the exterior of their union. The generic
copyX of Xn is then the exterior of the union of the three arcs α, β, and γ in S2× [−1, 1]
as indicated in Figure 4.
γ
α β
Figure 4: The arcs α, β, and γ in S2 × [−1, 1]
Since no component of X ∩ (S2 ×{−1, 1}) or of the closure of ∂X − (S2 ×{−1, 1})
is a disk it suffices to prove the following.
Lemma 3.2. X is irreducible and ∂-irreducible.
Proof. Irreducibility follows from the Scho¨nflies theorem together with the fact that X is
a compact, connected submanifold of S3 with connected boundary.
The strategy for proving ∂-irreducibility is to exhibit X as a double covering space
of a solid torus V branched over a certain properly embedded arc δ in V . If ∂X were
compressible, then by the Z2 case [4] of the equivariant loop theorem [11] there would be
a compressing disk D˜ for ∂X such that either τ(D˜)∩ D˜ = ∅ or τ(D˜) = D˜, where τ is the
non-trivial covering translation. Let D be the image of D˜ in V . In the first case D would
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miss δ. In the second case we could assume that D would meet δ in a single transverse
intersection point, since otherwise D˜ would contain the fixed point set δ˜ of τ , and we could
reduce to the first case by replacing D˜ by a nearby parallel disk. In both cases D would
be a compressing disk for ∂V in V since if ∂D = ∂E for some disk E in ∂V , then the
preimage of E in X would have a component E˜ with ∂E˜ = ∂D˜. The proof is completed
by showing that no such disk D exists.
By sliding one endpoint of each of α and of β onto γ we see that X is homeomorphic
to the exterior of the graph ω in S2 × [−1, 1] shown in Figure 5.
ω
Figure 5: The graph ω in S2 × [−1, 1]
This in turn is homeomorphic to the exterior V˜ of the graph θ˜ in S3 shown in Figure 6.
ρ~
~θ
Figure 6: The graph θ˜ in S3
This graph is invariant under the order two rotation τ about the simple closed curve ρ˜.
This involution defines a branched double covering q : S3 → S3. The images θ and ρ of θ˜
and ρ˜ are shown in Figure 7.
Figure 8 shows a regular neighborhoodR of θ in S3 and the arc δ = ρ∩ (S3− IntR).
Figure 9 showsR straightened by an isotopy to a standard solid torus. Figure 10 moves the
point at ∞ to a finite point. Figure 11 displays the solid torus V = S3 − IntR containing
δ.
5
θρ
Figure 7: The quotient graph θ in S3
R
δ
Figure 8: The regular neighborhoodR of θ
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Rδ
Figure 9: R isotoped to a standard solid torus
R
δ
Figure 10: δ isotoped off the point at ∞
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δE
V
Figure 11: δ in V = S3 − IntR
Lemma 3.3. There is no meridinal disk D in V such that D ∩ δ is either empty or a single
transverse intersection point.
Proof. Let U be a regular neighborhood of δ in V . Let F = ∂V − Int (U ∩ ∂V ) and
M = V − Int U . It suffices to show that F is incompressible in M and that there is no
properly embedded incompressible annulus G in M with one boundary component in the
frontier (topological boundary) C = Fr U of U in V and the other a curve in F which
bounds a meridinal disk D in V with D ∩M = G. Let E be the meridinal disk shown in
Figure 11. It meets U in a pair of disks and so meets M in a disk with two holes S. Let V0
be the 3-ball obtained by splitting V along E and M0 the 3-manifold obtained by splitting
M along S. ThenE splits δ into three arcs δ0, δ1, and δ2, U into the regular neighborhoods
U0, U1, and U2 of these arcs, C into the three annuliC0, C1, andC2, and F into the surface
F0. See Figure 12. Let S0 and S1 be the copies of S in M0 which are identified to obtain
S, where S0 meets C0 and S1 meets C1 and C2.
Let K be the disk in M0 shown in Figure 12. Its boundary consists of one arc each in
F0, S1, C1, and C2. Splitting M0 alongK gives a 3-manifoldM1 which is homeomorphic
to (S0 ∪C0)× [0, 1] with S0 ∪C0 = (S0 ∪C0)×{0}. See Figure 13. M0 is then obtained
by attaching a 1-handle with cocore K to (S0 ∪ C0)× {1}, so it is irreducible.
We first show that S is incompressible in M . It suffices to show that S0 and S1 are
each incompressible in M0. The first of these follows from our description above of M0 as
a product I-bundle with a 1-handle attached. The second follows from homology consid-
erations.
We next show that F0 is incompressible in M0. Suppose L is a compressing disk. Then
∂L separates one non-empty set of components of ∂F0 from another. The seven possible
partitions are all ruled out by a combination of homology arguments and the incompress-
ibility of S0.
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Figure 12: M split along S to obtain M0
S C
M
0 0
1
Figure 13: M0 split along K to obtain M1 ≈ (S0 ∪ C0)× [0, 1]
We now show that S is ∂-incompressible rel F in M . This means that whenever L is a
disk in M such that L ∩ S is a properly embedded arc λ in S and L ∩ ∂M is an arc µ in
F such that λ ∩ µ = ∂λ = ∂µ and ∂L = λ ∪ µ, then there is an arc ν in ∂S and a disk L′
in F such that µ ∩ ν = ∂µ = ∂ν and ∂L′ = µ ∪ ν. It suffices to prove that S0 and S1 are
∂-incompressible rel F0 in M0.
For S0 this follows from homology considerations and the incompressibility of F0 in
M0. For S1 similar arguments reduce the problem to the case in which ∂L = λ ∪ µ where
λ is an arc in S1 such that ∂λ lies in S1 ∩ F0 and λ separates S1 ∩C1 from S1 ∩C2 on S1
and µ is an arc in F0 separating F0 ∩ C1 from F0 ∩C2.
Isotop L so thatK and L are in general position and the arcsK∩S1 and L∩S1 meet in
a single transverse intersection point. Then there is an arc ξ in K ∩ L joining this point to
a point in K ∩F0. Since M0 is irreducible we may assume that in additionK ∩L contains
no simple closed curves. The intersection then consists of ξ and possibly some arcs η with
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∂η in K ∩ F0. Assume η is outermost on L. Let ζ be an arc in ∂L such that ζ ∪ η bounds
a disk L0 in L whose interior misses K . Let ε be the arc on K ∩ F0 with ∂ε = ∂η = ∂ζ.
There is a disk K0 in K such that ∂K0 = η ∪ ε. Then K0 ∩L0 = η and K0 ∪L0 is a disk
with boundary ζ ∪ ε. Since F0 is incompressible in M0 this curve bounds a disk F1 in F0.
Since M0 is irreducible K0 ∪ L0 ∪ F1 bounds a 3-ball B0 in M0. Note that ξ ∩ B0 = ∅.
An isotopy of L which movesL0 across B0 to K0 and then off K0 removes η and possibly
other components of K ∩ L but does not affect ξ.
Thus we may assume that K ∩ L = ξ. We now split M0 along K to obtain M1, as
before. This splits L into disks L0 and L1 either of which we can take as a compressing
disk for (S0∪C0)×{1} inM1 = (S0∪C0)× [0, 1]. This contradiction completes the proof
that S0 and S1 are ∂-incompressible rel F0 in M0 and hence that S is ∂-incompressible rel
F in M .
Now suppose that D is a compressing disk for F in M . Put D in general position with
respect to S so that D ∩ S has a minimal number of components. By the incompress-
ibility of S and the irreducibility of M none of them are simple closed curves. Since S
is ∂-incompressible rel F in M none of them can be arcs, so D ∩ S = ∅. Since F0 is
incompressible in M0 we have that D cannot exist.
Finally suppose that G is an incompressible annulus in M with one boundary com-
ponent in C and the other a curve in F which bounds a meridinal disk D of V such that
D ∩M = G. We may assume that the first boundary component misses S, that G is in
general position with respect to S and that among all such annuli in its isotopy class G∩S
has a minimal number of components. Then none of these components is a simple closed
curve which bounds a disk in S or in G or is an arc joining the two components of ∂G.
Suppose some component κ of G ∩ S is a simple closed curve. Then we may assume
that κ and G ∩ C form the boundary of a subannulus G0 of G which lies in M0. If κ lies
in S0, then for homological reasons G ∩ C must lie in C0. We can isotop G0 so that it
misses K . HenceG0 lies in M1 = (S0 ∪C0)× [0, 1]. By [16, Corollary 3.2]G0 is parallel
to an annulus in (S0 ∪ C0) × {0} and so κ can be removed by an isotopy, contradicting
minimality. If κ lies in S1, then for homological reasons G ∩ C must be in C1 or C2, say
C1. Let M2 = M0 ∪ U0. Then M2 is homeomorphic to S1 × [0, 1] with S1 = S1 × {1}.
Now G0 is incompressible in M2 and can be isotoped keeping κ fixed to an annulus G′0
such that ∂G′0 lies in S1. It then follows from [16, Corollary 3.2] that G′0 is parallel to an
annulus in S1 and hence G0 is ∂-parallel in M2. Since this parallelism does not meet U0
we have that G0 is ∂-parallel in M0. It follows that κ can be removed by an isotopy, again
contradicting minimality.
Hence any component of G∩ S must be an arc whose boundary lies in F ∩ S. Since S
is ∂-incompressible rel F in M and S is incompressible in M any outermost such arc can
be removed by an isotopy. Thus G ∩ S = ∅, and we may regard G as lying in M0. For
homological reasonsG∩C must lie in C1 or C2, say C1. Since D is a meridinal disk of V
we must have for homological reasons that ∂D splits F0 into two components such that one
containsF0∩S0 andF0∩C1 and the other containsF0∩S1 andF0∩C2. LetM ′1 =M0∪U1.
Then M ′1 is homeomorphic to (S0 ∪ C0)× [0, 1] with S0 ∪ C0 = (S0 ∪ C0)× {0}. So D
is a compressing disk for ∂M ′1 − (S0 ∪C0) in M ′1. This contradiction completes the proof
of Lemma 3.3. 
This completes the proof of Lemma 3.2. 
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This completes the proof of Theorem 3.1. 
4. Embeddings of Torus Knot Groups
In this section we prove a technical result concerning embeddings of torus knot groups in
torus knot groups which will be used in the next section to distinguish among the fun-
damental groups of the complements of a certain uncountable collection of arcs. Re-
call that the fundamental group of the complement of a (p, q) torus knot is the group
Gp,q = 〈x, y |xp = yq〉.
Lemma 4.1. Let p, q, r, and s be primes such that p < q and r < s. Then Gp,q embeds in
Gr,s if and only if p = r and q = s.
Proof. LetZ(G) denote the center of the groupG. Recall thatZ(Gp,q) is an infinite cyclic
group generated by xp and that G/Z(Gp,q) ∼= Zp ∗ Zq . Recall also that a free product of
two non-trivial groups has trivial center and that any element of finite order in a free product
is conjugate to an element of one of the factors. (See [10, pp. 140–141, 100–101].)
We may assume that Gp,q is a subgroup of Gr,s. Let K = Gp,q ∩ Z(Gr,s). Then
K is a subgroup of Z(Gp,q) and is the kernel of the restriction of the natural projection
Gr,s → Zr ∗ Zs to Gp,q . If u ∈ Gr,s, then let u¯ denote its image in Zr ∗ Zs.
Suppose K = Z(Gp,q). Then we have an embedding Zp ∗Zq → Zr ∗Zs. Since x¯ has
order p it must be conjugate to an element of Zr or of Zs, hence p|r or p|s, hence since r
and s are prime we have p = r or p = s. Similarly q = r or q = s. Since p < q and r < s
we must have p = r and q = s.
Now suppose that K is a proper subgroup of Z(Gp,q). Then it is generated by xpk for
some k ≥ 0, k 6= 1. Let Gp,q,k = Gp,q/K . It embeds in Zr ∗ Zs and has presentation
〈x¯, y¯ | x¯p = y¯q, x¯pk = 1〉. By the Kurosh subgroup theorem [9, 10] Gp,q,k must be a free
product of cyclic groups and so must either be cyclic or have trivial center. It thus suffices
to show that neither of these is the case.
For k = 0 this group is just Gp,q , and we are done. So assume k ≥ 2. Define functions
f, g : Zpqk → Zpqk by f(n) = n + q mod pqk and g(n) = n + p mod pqk. Then f
and g are one to one and so may be regarded as elements of the symmetric group Spqk .
Define ψ : Gp,q,k → Spqk by ψ(x¯) = f and ψ(y¯) = g. Then ψ is well defined because
fp(n) = n + pq = n + qp = gq(n) and fpk(n) = n + pkq = n mod pqk. Since
ψ(x¯p) = fp 6= id we have that Z(Gp,q,k) is non-trivial. Since Gp,q,k maps onto Zp ∗Zq it
is non-cyclic, and so we are done. 
5. Uncountably Many Arcs
Theorem 5.1. There are uncountably many arcs Ai in S3 such that:
(1) pi1(S3 −Ai) is indecomposable and non-trivial.
(2) pi1(S3 −Ai) and pi1(S3 −Aj) are isomorphic if and only if i = j.
(3) Ai is wildly embedded precisely at its endpoints.
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Proof. We first outline the proof and then fill in the details with a sequence of lemmas.
The construction of the Ai will have a pattern similar to that of the Fox-Artin arc.
S3 − ∂Ai will be parametrized as S2 × R, and for each integer n we will have that Ai
meets S2 × [n, n + 1] in three properly embedded arcs αn, βn, and γn, where αn runs
from S2 × {n} to itself, βn runs from S2 × {n+ 1} to itself, and γn runs from S2 × {n}
to S2 × {n + 1}. These arcs will be chosen so that the exterior Xn of αn ∪ βn ∪ γn in
S2 × [n, n + 1] is irreducible and ∂-irreducible. Hence by Lemma 2.2 we will have that
pi1(S
3 − Ai) is indecomposable and non-trivial. Thus Ai will be wild. It will clearly be
tame at points not in ∂Ai. It will be wild at both endpoints since otherwise its complement
would be simply connected. (Any meridian of the arc would bound a disk consisting of an
annulus which follows the arc to a tame endpoint and is then is capped off by a disk behind
it. In fact it can be shown as in [2, Example 1.2] that S3 −Ai would be homeomorphic to
R
3
.)
A map is pi1-injective if it induces an injection on fundamental groups; the same term is
applied to a submanifold if its inclusion map has this property. The arcs will be chosen so
that the interior of Xn will contain a pi1-injective submanifoldQn which is homeomorphic
to the exterior of a (pn, qn) torus knot in S3, where pn and qn are primes with pn < qn. It
will follow from the ∂-irreducibility of all the Xm that pi1(S3 − Ai) will have a subgroup
isomorphic to pi1(Qn). Moreover it will be shown that any subgroup of pi1(S3−Ai) which
is isomorphic to a (p, q) torus knot group for primes p and q with p < q must be isomorphic
to one of the pi1(Qn). We then let J be the set of all pairs of primes (p, q) with p < q and
let 2J be the set of all subsets of J . For each non-empty i ∈ 2J we construct an arc Ai as
above such that the (p, q) torus knot subgroups of pi1(S3−Ai) with (p, q) ∈ J are precisely
those for which (p, q) ∈ i. It follows that pi1(S3 −Ai) and pi1(S3 −Aj) are isomorphic if
and only if i = j. Since 2J is uncountable we will be done.
We next recall some terminology. Let M be a compact, connected, orientable 3-
manifold. We say that M is atoroidal if every properly embedded, incompressible torus
S1 × S1 in M is ∂-parallel in M and is anannular if every properly embedded, incom-
pressible annulus S1 × [0, 1] in M is ∂-parallel in M . If M is irreducible, ∂-irreducible,
anannular and atoroidal, contains a 2-sided, properly embedded incompressible surface,
and is not a 3-ball, then M is excellent; the same term is applied to a compact, properly
embedded 1-manifold in a compact 3-manifold P if its exterior in P has these properties.
Lemma 5.2. Let Y ′ and Y ′′ be excellent 3-manifolds. Suppose Y = Y ′ ∪ Y ′′, where
S = Y ′ ∩ Y ′′ = ∂Y ′ ∩ ∂Y ′′ is a compact surface such that S is incompressible in Y ′ and
in Y ′′, ∂Y ′ − Int S is incompressible in Y ′, ∂Y ′′ − Int S is incompressible in Y ′′, and
each component of S has negative Euler characteristic. Then Y is excellent.
Proof. This is [14, Lemma 2.1]. 
We now construct the arcs. Let R be an unknotted solid torus in the interior of S2 ×
[0, 1]. Let P = S2 × [0, 1] − IntR. (We say that R is unknotted if there is a properly
embedded disk E in P such that ∂E ⊆ ∂R and a meridinal disk D of R such that ∂D and
∂E meet transversely in a single point.)
Lemma 5.3. There exist disjoint properly embedded arcs α, β, and γ in P such that ∂α ⊆
S2×{0}, ∂β ⊆ S2×{1}, γ has one endpoint in S2×{0} and the other in S2×{1}, and
α ∪ β ∪ γ is excellent.
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Proof. Let α′, β′, and γ′ be any arcs in P whose boundaries satisfy the given conditions.
By [14, Theorem 1.1] any compact, properly embedded 1-manifold in a compact, con-
nected, orientable 3-manifold which meets each 2-sphere boundary component in at least
two points is homotopic relative its boundary to a properly embedded 1-manifold which is
excellent. Let α, β, and γ be the respective components of this new 1-manifold.
For those who prefer a more concrete construction of such arcs we give an alternative
proof at the end of this section. 
Now let Q be the exterior of a (p, q) torus knot in S3, where (p, q) ∈ J . Glue P and Q
together by identifying ∂R with ∂Q in such a way that ∂E is identified with a meridian of
∂Q. Then the union of Q and a regular neighborhood of E in P is a 3-ball, and so P ∪ Q
is homeomorphic to S2 × [0, 1]. Let Y be the exterior of α ∪ β ∪ γ in P and X = Y ∪Q.
It follows from the irreducibility and ∂-irreducibility of Y and of Q that X is irreducible
and ∂-irreducible and that Q is pi1-injective in X .
We now repeat this construction using (pn, qn) torus knots with (pn, qn) ∈ i to ob-
tain αn, βn, γn, Pn, Qn, Yn, and Xn contained in S2 × [n, n + 1]. We construct an
arc Ai by identifying the endpoints of the arcs so that the arcs occur in the sequence
. . . , γn, αn+1, βn, γn+1, . . . on Ai. The exterior Wi of Ai then satisfies the hypotheses
of Lemma 2.2, and so pi1(S3 − Ai) is indecomposable and non-trivial. Moreover the in-
compressibility of each Xn ∩Xn+1 implies that each Qn is pi1-injective in Wi.
We next review some characteristic submanifold theory [6, 7, 8], following [7] but
restricting attention to the special case which we will need. We first refine our notion
of parallel surfaces. A pair (M,F ) is an irreducible 3-manifold pair if M is a compact,
orientable, irreducible 3-manifold and F is a compact, incompressible surface in ∂M . Let
S and S′ be disjoint compact surfaces in M such that S is properly embedded in M , S′ is
either properly embedded in M or contained in ∂M , and ∂S ∪ ∂S′ is contained in F . We
say that S and S′ are parallel in (M,F ) if there is a parallelism S × [0, 1] from S to S′
such that (∂S) × [0, 1] is contained in F ; if S′ ⊆ F we say that S is F -parallel. Our old
definitions of “parallel” and “∂-parallel” in M correspond to the case of F = ∂M .
The characteristic pair of the irreducible 3-manifold pair (M,∂M) is a certain irre-
ducible 3-manifold pair (Σ,Φ) such that Σ ⊆ M and Σ ∩ ∂M = Φ. For its definition
and proof of existence see [7, Chapter V]. We will limit our discussion to two basic issues:
using (Σ,Φ) and recognizing (Σ,Φ). The property we will use is that any pi1-injective
map from a Seifert fibered space with non-cyclic fundamental group into M which is not
homotopic to a map whose image lies in ∂M must be homotopic to a map whose image
lies in Σ [7, p. 138].
We will recognize Σ by recognizing its components and using the Splitting Theorem
[7, p. 157] to recognize the frontier FrΣ of Σ in M . The components (σ, ϕ) of (Σ,Φ) are
Seifert pairs, i.e. σ is either an I-bundle over a compact surface with ϕ the associated ∂I-
bundle or σ is a Seifert fibered space with ϕ a union of fibers in ∂σ. One of the properties we
will need is that the inclusion map from (σ, ϕ) into (M,∂M) is not homotopic as a map of
pairs to a map whose image lies in Σ−σ. Also the components of FrΣ are incompressible
annuli and tori none of which is ∂-parallel in M though some components may be parallel
in (M,∂M) to each other. (See the examples in [6, Chapter IX].) A union Fr∗ Σ of
components of FrΣ such that no two components of Fr∗ Σ are parallel in (M,∂M) to
each other and Fr∗ Σ is maximal with respect to inclusion among all such unions is called
a reduction of FrΣ. We call the components of FrΣ− Fr∗ Σ redundant components of
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FrΣ. Now suppose we are given a compact, properly embedded surface T inM satisfying
the following two conditions:
(a) The components of T are incompressible annuli and tori none of which is ∂-parallel
in M .
(b) Let (M ′, ∂ ′M) be the pair obtained by splittingM along T and ∂M along ∂T . Then
each component (N,L) of (M ′, ∂ ′M) is either a Seifert pair or a simple pair, i.e.
every incompressible, properly embedded torus in N or annulus in N with boundary
in Int L is either L-parallel or parallel in (N,L) to a component of ∂N − Int L.
If T is minimal with respect to inclusion among all compact, properly embedded surfaces
in M satisfying (a) and (b), then by the Splitting Theorem T is isotopic to Fr∗ Σ.
Now let Mk = ∪kn=−kXn and Ck = ∪kn=−kQn.
Lemma 5.4. (Mk, ∂Mk) is an irreducible 3-manifold pair, and its characteristic pair
(Σ,Φ) = (Ck, ∅).
Proof. The irreducibility and ∂-irreducibility of Mk and the incompressibility of ∂Ck in
Mk follow from the irreducibility and ∂-irreducibility of the Xn, the incompressibility of
the Xn ∩Xn+1 in Xn and in Xn+1, and the incompressibility of ∂Qn in Xn.
Let T = ∂Ck. Since ∂Mk is a surface of genus two no component of T is ∂-parallel in
Mk. The components of (M ′k, ∂ ′Mk) are the (Qn, ∅) and (Z, ∂Mk), whereZ = ∪kn=−kYn.
EachQn is a Seifert fibered space. By Lemma 5.2 we have thatZ is excellent and therefore
(Z, ∂Mk) is a simple pair. Thus T satisfies properties (a) and (b). Deleting any components
of T gives a surface which splits Mk into components one of which, say N , is the union
of Z and some of the Qn. Now N is not Seifert fibered since it contains ∂Mk. It is
not an I-bundle over a compact surface S since S would be covered by ∂Mk, and so
pi1(S) ∼= pi1(N) could not contain the Z ⊕ Z subgroup pi1(∂Qn). Finally (N, ∂Mk) is
not a simple pair because ∂Qn is not ∂-parallel in N . Thus T is minimal with respect to
inclusion among surfaces satisying (a) and (b). So by the Splitting Theorem T = Fr∗ Σ.
By arguments similar to those applied above to N we have that (Z, ∂Mk) is not a
Seifert pair. So if there are no redundant components we must have (Σ,Φ) = (Ck, ∅), and
we are done.
Suppose there is a redundant component. Then it must be a torus which is parallel in
(Mk, ∂Mk) to ∂Qn for some n; denote it by Tn. Thus we may assume that there is an
embedding of Tn × [0, 1] in Mk such that Tn × [0, 1] meets Qn in Tn × {0} = ∂Qn,
Tn × {1} = Tn, and Tn × (0, 1) contains all other redundant tori which are parallel to
∂Qn. If there are such extra redundant tori, then they are isotopic in Tn × [0, 1] to tori of
the form Tn × {t} [16, Corollary 3.2]. It follows that there is some component σ of Σ of
the form Tn × [r, s]. Its inclusion map into Mk is homotopic to a map whose image lies in
Σ− σ, contradicting one of the properties of Σ.
Thus there are no extra redundant tori. Now let Z ′ be the closure of the complement
in Z of the union of all the products Tn × [0, 1]. Then Z ′ is homeomorphic to Z , and so
(Z ′, ∂Mk) is a simple pair which is not Seifert pair. Thus Tn × [0, 1] is a component of Σ,
and (Qn, ∅) is a simple pair. Now in fact (Qn, ∅) actually is a simple pair. However, it is
also a Seifert fibered space with non-cyclic fundamental group. Its inclusion map cannot be
homotopic to a map whose image lies in ∂Mk because pi1(Mk) has no Z ⊕ Z subgroups.
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Thus it must be homotopic to a map whose image lies in some component σ of Σ. In
particular the image lies in the complement of Qn.
Now it follows from [7, Squeezing Theorem, p. 139] or [6, Theorem IX.12] that Qn is
actually isotopic to a submanifold of σ. This fact can be used to contradict our knowledge
of the structure of Z ′. We choose, however, to give the following somewhat more direct
argument.
Let p : M˜k → Mk be the covering map corresponding to pi1(Qn). There is a com-
ponent Q˜n of p−1(Qn) such that the restriction Q˜n → Qn of p is a homeomorphism and
pi1(Q˜n) → pi1(M˜k) is an isomorphism. It follows that pi1(∂Q˜n) → pi1(M˜k − Int Q˜n) is
an isomorphism. Now the homotopy of Qn into its complement lifts to a homotopy of Q˜n
into M˜k − Int Q˜n. This implies that pi1(Qn) is abelian, which is not the case. 
We now suppose that pi1(S3−Ai) and pi1(S3−Aj) are isomorphic. Then pi1(Wi) and
pi1(Wj) are isomorphic, where Wi and Wj are the exteriors of Ai and Aj , respectively.
Since these spaces are irreducible and orientable, the sphere theorem implies that they are
aspherical. Hence there is a map h : Wj → Wi such that h∗ : pi1(Wj) → pi1(Wi) is
an isomorphism. We then restrict h to a (p, q) torus knot space arising in the construction
of Aj . This map is pi1-injective. Its image lies in some Mk. Since pi1(∂Mk) has no
Z ⊕ Z subgroups Lemma 5.4 implies that it is homotopic to a map whose image lies in
some (r, s) torus knot space arising in the construction of Ai. By Lemma 4.1 we have that
(p, q) = (r, s). Thus j ⊆ i. The symmetric argument shows that i ⊆ j, concluding the
proof of Theorem 5.1. 
Figure 14: An excellent 3-tangle Figure 15: An excellent 2-tangle
Alternative Proof of Lemma 5.3. Figure 14 shows a three component tangle in a 3-ball.
Figure 15 shows a two component tangle in a 3-ball. By [13, Proposition 4.1] and [12,
Proposition 4.1] these two tangles are excellent. Let Y ′ and Y ′′ be their respective exteriors.
We glue Y ′ and Y ′′ together as indicated in Figure 16 to obtain the exterior Y of the
union of the arcs α, β, and γ in the space P obtained by removing the interior of an
unknotted solid torusR contained in the interior of S2× [0, 1]. S = Y ′∩Y ′′ = ∂Y ′∩∂Y ′′
has two components; each is a disk with two holes. Since a compact surface contained in
an incompressible boundary component of a compact 3-manifold is incompressible if none
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of the components of its complement in the boundary component has closure a disk, we
have that S is incompressible in Y ′ and in Y ′′. We now apply Lemma 5.2 to conclude that
Y is excellent. 
R
α
γ β
Figure 16: The three arcs α, β, and γ in (S2 × [0, 1])− IntR
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